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Unitary 2-designs are random unitaries simulating up to the second order statistical mo-
ments of the uniformly distributed random unitaries, often referred to as Haar random
unitaries. They are used in a wide variety of theoretical and practical quantum information
protocols, and also have been used to model the dynamics in complex quantum many-body
systems. Here, we show that unitary 2-designs can be approximately implemented by al-
ternately repeating random unitaries diagonal in the Pauli-Z basis and that in the Pauli-X
basis. We also provide a converse about the number of repetitions needed to achieve uni-
tary 2-designs. These results imply that the process after ` repetitions achieves a Θ(d−`)-
approximate unitary 2-design. Based on the construction, we further provide quantum cir-
cuits that efficiently implement approximate unitary 2-designs. Although a more efficient
implementation of unitary 2-designs is known, our quantum circuit has its own merit that it
is divided into a constant number of commuting parts, which enables us to apply all com-
muting gates simultaneously and leads to a possible reduction of an actual execution time.
We finally interpret the result in terms of the dynamics generated by time-dependent Hamil-
tonians and provide for the first time a random disordered time-dependent Hamiltonian that
generates a unitary 2-design after switching interactions only a few times.
I. INTRODUCTION
With coherent implementations of quantum circuits becoming a reality, the question of the
practical realisation of protocols in quantum information science has been a particular focus of the
field in recent years. Indeed, quantum information theory itself is concerned with the evolution of
quantum systems, where random processes represented by so-called Haar random unitaries play
a central role. One of the most illustrative applications of random processes is the decoupling
protocol [1–4], which provides a decoder of quantum channels and enables us to reproduce most
of the known quantum capacity theorems [5–9]. Random processes are not only theoretically
important but also practically useful for verifying implementations of quantum devices [10–13].
In recent years, it further turns out that random processes are a crucial key to understanding
fundamental yet surprising physics in complex quantum many-body systems such as themalisation
in isolated systems [14–16], the information paradox of quantum black holes [17–19], and quantum
chaos [20–22].
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While Haar random unitaries are a powerful theoretical tool in many perspectives, they cannot
be efficiently implemented by quantum circuits as the number of gates required for the implementa-
tion grows exponentially in the system size. This also implies that they rarely appear in many-body
systems, resulting in a lack of microscopic basis of the fundamental physics based on random pro-
cess in complex quantum systems. It is thus of crucial importance to study finite approximations
of Haar random unitaries and their properties. From this point of view, a unitary design was
proposed [23–25] and has been widely studied [26–33]. A unitary t-design is a random unitary
that simulates up to the tth order properties of a Haar random unitary, naturally inheriting most
properties of a Haar random one if t is sufficiently large. In most applications, unitary 2-designs are
sufficient even if the designs are approximate [34]. It is also known that unitary 2-designs can be
efficiently implemented by quantum circuits such as Clifford circuits [23, 24, 33, 35] and random cir-
cuits [29, 30]. Some of them are already used in experiments as a standard technique to benchmark
small quantum devices [36–39]. Also, Hamiltonian dynamics with fully random interactions were
shown to realise unitary 2-designs [29, 30], providing a possible microscopic dynamics that leads to
unitary 2-designs in complex systems. However, it is necessary to change interactions many times,
which scales quadratically in the system size, before the dynamics achieves unitary 2-designs. This
may take considerably long time especially in many-body systems.
This motivates the questions of whether unitary 2-designs can be implemented by simpler quan-
tum circuits and also whether they can be realised by physically natural Hamiltonian dynamics in
many-body systems, where the interactions vary only constant times. In this article, we propose
a new construction of unitary 2-designs by alternately and repeatedly applying random unitaries
diagonal in the Pauli-Z and -X bases, and prove that it suffices to repeat them only a few times
before unitary 2-designs are achieved. We also provide the converse result, namely the necessary
number of repetitions, and show that our result is tight. The converse result is obtained for the first
time to the best of our knowledge, and is useful for investigating the optimality of using unitary
2-designs in many applications [40]. We then provide a quantum circuit based on our result, where
the number of gates scales quadratically in the system size. This quantum circuit is as efficient as
most of the known implementations of unitary 2-designs [23, 24, 26–30, 35], but there exists a more
efficient one [33], which uses a nearly linear number of gates. Our circuit has nevertheless its own
merit due to its commuting property. The circuit is divided into a constant number of commuting
parts, each of which is separated by the Hadamard gates, and all the gates in the commuting part
can be in principle applied simultaneously. This simple structure may lead to a vast reduction in
the execution time of the overall circuit. By transforming the circuit into the dynamics generated
by time-dependent Hamiltonians, we construct a random many-body Hamiltonian realising uni-
tary 2-designs after switching the interactions a few times. The random Hamiltonian consists of
disordered Hamiltonians with all-to-all interactions, which are similar to those in the cavity QED
and thus can be implementable in actual experiments. Further, since disordered Hamiltonians
composing the time-dependent random Hamiltonian are considered to be a type of quantum chaos,
which is expected to be a dual of quantum black holes [20–22], our result may contribute to the
microscopic understandings of the quantum duality between them.
The article is organised as follows. We begin by introducing the necessary notation and defini-
tions in Section II. The main results are presented in Section III. Based on the main results, we
provide in Section III an explicit quantum circuit implementing a unitary 2-design and a random
disordered Hamiltonian realising a unitary 2-design. The Proofs of the main results are presented
in Section IV, along with statements of the necessary lemmas. The proofs of lemmas are given in
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Appendices.
II. PRELIMINARIES
Before we state our main result, we provide a brief introduction of our notation in Subsection II A
and definitions of random unitaries in Subsection II B.
A. Notation
Throughout the paper, we use the following standard asymptotic notation. Let f(n) and g(n)
be functions on R+. We say f(n) = O(g(n)) if there exist c, n0 > 0 such that f(n) ≤ cg(n) for all
n ≥ n0. When there exist c, n0 > 0 such that f(n) ≥ cg(n) for all n ≥ n0, we say f(n) = Ω(g(n)).
If f(n) = O(g(n)) and f(n) = Ω(g(n)), we denote it by f(n) = Θ(g(n)).
We consider a system composed of N qubits and denote by HN , the corresponding Hilbert space
and by d = 2N the dimension ofHN . The set of bounded operators and states on a finite dimensional
Hilbert space H are denoted by B(H) and S(H) := {ρ ∈ B(H)|ρ ≥ 0,Trρ = 1}, respectively. We
also use superoperators: the most important class of superoperators in quantum mechanics is that
of the completely-positive and trace-preserving (CPTP) maps, which is also referred to as quantum
channels, because any allowed physical dynamics is represented by a CPTP map. A CPTP map
C is a linear map satisfying C ⊗ idk(ρ) ≥ 0 for any k ∈ N and any ρ ≥ 0, where idk is the identity
map acting on a k-dimensional Hilbert space, and TrC(ρ) = Trρ.
We will make use of various norms throughout the article. The p-norm of X ∈ B(H) is defined
by ||X||p := (Tr|X|p)1/p for p ≥ 1, where |X| :=
√
XX†. The 1-norm or a trace norm is of particular
importance in quantum information processing as it provides the optimal success probability (1 +
||ρ− σ||1/2)/2 when we would like to distinguish two quantum states ρ and σ. For a superoperator
C : B(H) → B(H′), we define a family of superoperator norms ||C||q→p (q, p ≥ 1) and the diamond
norm [41] by
||C||q→p = sup
X 6=0
||C(X)||p
||X||q , ||C|| := supk
||C ⊗ idk||1→1, (1)
respectively. It is known that k ≤ dimH suffices to obtain the diamond norm [41]. Similarly to
the trace norm for quantum states, the diamond norm provides the optimal success probability to
distinguish two quantum channels when we are allowed to use the auxiliary systems.
B. Random unitaries and their t-designs
We begin with the definition of random unitaries, before discussing their roles in quantum
physics, and then explain the definition of unitary t-designs and their operational meanings.
Definition 1 (Haar random unitaries [42]). Let U(d) be the unitary group of degree d, and
denote the Haar measure (i.e. the unique unitarily invariant probability measure, thus often called
uniform distribution) on U(d) by H. A Haar random unitary U is a U(d)-valued random variable
distributed according to the Haar measure, U ∼ H.
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Definition 2 (Random X- and Z-diagonal unitaries [43]). Let UW (d) be the set of uni-
taries diagonal in the Pauli-W basis {|n〉W }d−1n=0 (W = X,Z), given by
{∑d−1
n=0 e
iϕn |n〉〈n|W : ϕn ∈
[0, 2pi) for n ∈ [0, . . . , d− 1]}. A random W -diagonal unitary UW is a UW (d)-valued random vari-
able distributed according to a probability measure DW induced by a uniform probability measure on
its parameter space [0, 2pi)d, UW ∼ DW .
Haar random unitaries are also known as a circular unitary ensemble in random matrix the-
ory [42], and have been used to model typical dynamics in physical systems with no symmetry.
In quantum information science, they are often used in a wide variety of protocols [1–9]. They
are also turned out to be the key to understanding fundamental physics in complex quantum sys-
tems [14–22]. On the other hand, random diagonal unitaries are proposed in Ref. [44] to investigate
the typical dynamics in closed systems governed by a fixed time-independent Hamiltonian. In this
case, the basis of the dynamics is fixed and only phases can be randomised. In Ref. [44], typical
phenomena led by random Z-diagonal unitaries were studied especially in terms of the entangling
power. It was also shown that it is relevant to thermalization phenomena in isolated classical spin
systems.
Despite the usefulness of these random unitaries, they cannot be efficiently implemented by
quantum circuits. This is obvious from the number of parameters to be randomised, which scales
exponentially with the number of qubits. This fact also implies that neither Haar random unitaries
nor random diagonal unitaries can be realised in natural many-body systems in a realistic time
scale. Hence, it is significant to introduce approximate ones, which is called unitary designs. A
unitary t-design is a random unitary that approximates up to the tth order statistical moments
of a Haar random unitary. To define a unitary t-design, let ν be a probability measure on U(d)
and GU∼ν(X) be a CPTP map given by G(t)U∼ν(X) := EU∼ν [U⊗tXU †⊗t] for any X ∈ B(H⊗t), where
EU∼ν represents an average over a random unitary U ∼ ν. Then, an -approximate unitary t-design
is defined as follows.
Definition 3 (-approximate unitary t-designs [24, 29]). Let ν be a probability measure on
the unitary group U(d). A random unitary U ∼ ν is called an -approximate unitary t-design if
||G(t)U∼ν − G(t)U∼H|| ≤ .
The designs are called exact when  = 0. Although there are various definitions of -approximate
unitary t-designs, most definitions are equivalent in the sense that, if U is an -approximate unitary
t-design in one definition, it is also an ′-approximate unitary t-design in other definitions for
′ = poly(dt). For a more detailed explanation, we refer the reader to the Ph.D thesis [34]. In
this paper, we use the above definition because it has the clear operational meaning that an -
approximate unitary t-design cannot be distinguished up to error  from a Haar random one even
if we have t copies of the unitary.
III. MAIN RESULTS
We now present our main results. In Subsection III A, we provide a new construction of approx-
imate unitary 2-designs based on the repetitions of random diagonal unitaries. We then provide
efficient quantum circuits and random Hamiltonians for unitary 2-designs in Subsection III B.
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A. A unitary 2-design by random X- and Z-diagonal unitaries
Our strategy is to alternately and repeatedly apply random Z- and X-diagonal unitaries, which
physically corresponds to alternate and repeated applications of random potentials in momentum
and position spaces. The key intuition behind our strategy comes from the fact that random Z-
diagonal unitaries strongly randomise the system if the initial state is properly chosen [44]. This is
especially observed in terms of entanglement generated by the random unitary. In fact, a random
Z-diagonal unitary generates extremely large entanglement, which is even higher than the typical
entanglement Haar random unitaries generate [? ], if the initial state has a large support in the
Pauli-X basis. It is however also true that the Pauli-Z basis remains invariant under the action of
random Z-diagonal unitaries, implying that, to fully randomise the system, it is necessary to apply
another random unitary that can randomise the Pauli-Z basis. This can be naturally achieved by
a random X-diagonal unitary as it is complementary to the Z one. Thus, it is natural to expect
that alternate applications of random Z- and X-diagonal unitaries may be able to fully randomise
the system. Indeed, our main result states that this intuition is correct at least up to the second
order.
The process of repeating random Z- and X-diagonal unitaries ` times is described by a random
unitary U [`] given by
U [`] := UZ`+1U
X
` U
Z
` · · ·UX2 UZ2 UX1 UZ1 . (2)
where UWi are independent W -diagonal unitares (i = 1, . . . , ` + 1, W = X,Z). We start and
end with Z-diagonal ones for a technical convenience. Noting that applying random W -diagonal
unitaries twice in succession is equivalent to applying only one random W -diagonal unitary. The
U [`] can be equivalently expressed as
U [`] =
1∏
i=`
U
′Z
i U
X
i U
Z
i . (3)
We will use this particular expression of U [`] in the remainder of the article. The U [`] can be also
represented using only random Z-diagonal unitaries and the Hadamard transformation H⊗N on N
qbutis;
U [`] = UZ2`+1
1∏
i=2`
H⊗NUZi . (4)
From this point of view, the Hadamard gates are the only non-commuting part of U [`]. We will
use this expression when we consider efficient implementations of U [`] in Subsection III B.
Our main result is that U [`] approaches a unitary 2-design exponentially quickly with increasing
`. The formal statement is given by Theorem 4 below.
Theorem 4 (U [`] is an approximate unitary 2-design). A random unitary U [`] is an -
approximate unitary 2-design, where
2
d`
[
1− 1
d− 1
]
≤  ≤ 2
d`
[
1 +
2
d− 1
]
. (5)
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Figure 1. The figure depicts a building block of the quantum circuit that implements a unitary 2-design
according to U [`]. One- and two-qubit gates in the first and the second step are given by diag(1, eiϕk) and
diag(1, 1, 1, eiθl,r ), respectively. The phases ϕk (k = 1, · · · , N) and θl,r (l, r = 1, · · · , N , l 6= r) are chosen
from {0, 2pi/3, 4pi/3} and {0, pi}, respectively, uniformly at random. The one-qubit gates H represent the
Hadamard gates. All the gates in the first and the second parts are diagonal in the Pauli-Z basis and can
be applied simultaneously.
Theorem 4 shows that repeating random Z- and X-diagonal unitaries only a few times suffices
to achieve a unitary 2-design. Note that, as  = Θ(1/d`), it also provides the converse from which
the number of repetitions necessary to achieve unitary 2-designs with U [`] can be obtained. This
is in contrast to previous constructions of unitary 2-designs [23, 24, 29, 30, 33], where converse
statements were not obtained and whether the results are tight was not clear. The converse is
needed to investigate the optimality in terms of  when we use -approximate unitary 2-designs in
quantum protocols. In the case of decoupling, which is one of the most important applications of
unitary 2-designs, the optimality is studied in Ref. [40] and new insights have been obtained.
The significance of Theorem 4 lies however in its simple implementation, which basically comes
from a fact that the random unitary U [`] is separated into commuting (random Z-diagonal uni-
taries) and non-commuting (the Hadamard gates) parts as observed in Eq. (4). This enables us to
implement unitary 2-designs by using random time-dependent Hamiltonians where the interactions
vary only constant times. In the following subsection, we further expand this point.
B. Implementations of U [`]
Before we discuss about the implementations by Hamiltonian dynamics, we consider approxi-
mate implementations of U [`] by quantum circuits. This is because a random Z-diagonal unitary
contains an exponential number of parameters to be randomised, and its exact implementations
take exponential time. In this paper, we are interested in 2-designs, which are the second order
approximations of Haar random ones. Hence, it suffices to simulate only the second order moments
of UZ . Fortunately, finite degree approximations of diagonal unitaries were studied in Ref. [45].
Using that results and Theorem 4, we obtain the following Theorem.
Theorem 5 (Efficient quantum circuits for unitary 2-designs). The quantum circuits com-
posed of the following four steps implement -approximate unitary 2-designs (see also Fig. 1):
1. Apply single-qubit phase gates diagZ(1, e
iϕ), which are diagonal in the Pauli-Z basis, with a
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random phase ϕ ∈ {0, 2pi/3, 4pi/3} on all qubits.
2. Apply the controlled-phase gates diagZ(1, 1, 1, e
iθ) with a random phase θ ∈ {0, pi} on all pairs
of qubits.
3. Apply the Hadamard gates on all qubits.
4. Repeat the above three steps (2`+ 1) times.
Here, ` = Θ( log2 1/N ), and the total number of gates is Θ
(
N(N + log 1/)
)
.
In terms of the number of gates, this implementation is as efficient as most of the previously
known implementations of a unitary 2-design [23, 24, 29, 35], but a more efficient implementation
is known even for an exact unitary 2-design [33]. Our implementation of a unitary 2-design has
another merit in view of commutativity of the gates, resulting in an instant property of the circuit
in the sense that all the commuting parts of the circuit can be, in principle, applied simultaneously.
This feature may lead to a practical advantage because quantum gates can be implemented by
applying interactions onto two qubits and, unlike the applications of non-commuting gates, the
commuting property allows us to switch on all interactions at the same time.
This merit of the implementation is best illustrated when we interpret Theorem 5 in terms
of the dynamics generated by time-dependent many-body Hamiltonians as given in the following
corollary.
Corollary 6 (Random Hamiltonians implementing unitary 2-designs). Let HZX(T ) be a
time-dependent random Hamiltonian on N qubits, given by
HZX(T ) =
{
−∑Ni=1B(Z)i Zi −∑i>j J (Z)ij Zi ⊗ Zj T ∈ [2mpi, (2m+ 1)pi)
−∑Ni=1B(X)i Xi −∑i>j J (X)ij Xi ⊗Xj T ∈ [(2m+ 1)pi, 2(m+ 1)pi) (6)
where T represents time, m = 0, 1, ..., and B
(W )
i and J
(W )
ij are randomly and independently chosen
from {0,±1/3} and {0, 1/2}, respectively. Then, for any T ≥ T, where T = (5 + d2 log 1/N e)pi +
O(1/N) and dxe is the ceiling function, the dynamics generated by HZX(T ) is an -approximate
unitary 2-design.
Corollary 6 simply follows from the facts that the unitary generated by HZX(T ) at time T = T
is exactly the same as that in Theorem 5 and that applying an arbitrary random unitary onto
an -approximate unitary 2-design does not change the approximation of the design. This proof
technique is rather trivial, and similar Hamiltonians can be straightforwardly obtained from any
quantum circuits implementing unitary 2-designs. Nevertheless, Corollary 6 illustrates a notable
feature of HXZ(T ), that its dynamics achieves a unitary 2-design after switching the interactions
a few times, whereas the dynamics based on other implementations [23, 24, 29, 30, 35] needs to
change the interactions O(N2) times, or O(Npoly logN) times for that in Ref. [33], before achieving
2-designs. This is sorely due to the commutativity, which enables us to apply the corresponding
interactions simultaneously as mentioned above. We also note that this small number of switches of
the interactions may result in short implementations of unitary 2-designs by Hamiltonian dynamics
in physically feasible systems such as the cavity Q.E.D.
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In the study of random process in complex many-body systems [14–22], it is important to fully
clarify the microscopic dynamics leading to realisations of unitary designs in the systems, otherwise
a solid basis of those studies remains lacking. Although HZX(T ) is time-dependent and is composed
of all-to-all interactions, Corollary 6 provides a relatively natural many-body Hamiltonian by which
unitary 2-designs can be generated. We believe that our result leads to new insights toward the
full understandings of fundamental phenomena from the microscopic point of view.
IV. PROOF OF THE MAIN RESULT
A proof of Theorem 4 is given in this section. To make the outline of the proof clear, we provide
an overview in Subsection IV A. The key lemma for the proof is given in Subsection IV B with its
proof in Subsection IV C. The proof of Theorem 4 is then given in Subsection IV D.
A. Overview of the proof
In order to prove Theorem 4, we need to investigate ||G(2)U [`]−G
(2)
H ||. As G(2)H (ρ) for any ρ ∈ B(H⊗2)
can be explicitly obtained from the Schur-Weyl duality [46], the main task is to analyse G(2)U [`], which
is reduced to the investigation of a mapR = G(2)
UZ
◦G(2)
UX
◦G(2)
UZ
due to the independence of the random
diagonal unitaries (see Eq. (3)).
The proof of the achievability simply follows from the key lemma, which states that
R` = (1−Θ(d−`))G(2)H + Θ(d−`)C(`), (7)
where C(`) is a CPTP map dependent on ` (see Lemma 8 in Subsection IV B), making the intuition
that R has a strong randomisation ability rigorous. Hence, repetitions of U ′ZUXUZ can be arbi-
trarily close to a Haar random unitary up to the second order. The complete argument is given in
Subsection IV D.
To obtain the converse, we investigate a special case in detail, which is also presented in Sub-
section IV D. Together with the achievability and the converse, we obtain our main result that
||G(2)U [`] − G
(2)
H || = Θ(1/d`), (8)
which implies that U [`] is a Θ(d−`)-approximate unitary 2-design.
B. Auxiliary lemmas
Before we prove Theorem 4, we introduce additional notation and useful lemmas. In the rest
of the paper, the Pauli-Z and -X bases are always denoted by {|i〉}i=0,··· ,d−1 (Latin letters) and
{|α〉}α=0,··· ,d−1 (Greek letters), respectively. We also define the entangled states |φ(±)ij 〉 := 1√2(|ij〉±
|ji〉) for i > j.
We use several operators in B(H⊗2). First, we denote by I, F the identity operator and the
swap operator defined by
∑
i,j |ij〉〈ji|, respectively. We also define the basis dependent operators
L(0) :=
∑
i |ii〉〈ii| and L(1) :=
∑
i>j |φ(+)ij 〉〈φ(+)ij |. We denote by P sym and P anti the projection
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operators onto the symmetric and antisymmetric subspaces of H⊗2 , which are equal to (I+ F)/2
and (I − F)/2, respectively. Note that P sym = L(0) + L(1) and P anti = ∑i>j |φ(−)ij 〉〈φ(−)ij |. By
normalising these operators, we define the following states:
Πsym = 2P sym/d(d+ 1), Πanti = 2P anti/d(d− 1), Λ(0) = L(0)/d, Λ(1) = L(1)/d. (9)
Throughout the proof, we denote the coefficients of |α〉 in the basis of {|i〉} by αi/
√
d, i.e.
αi =
√
d〈i|α〉. Similarly, we define iα :=
√
d〈α|i〉. From the properties of the Pauli-Z and -X bases,
it follows that αi = iα ∈ {±1}. We also define f ijkl given by
f ijkl =
2
d3
(d−1∑
α=0
αiαjαkαl
)2
, (10)
which satisfies the following properties (see A for the proof).
Lemma 7. The quantity f ijkl is either 0 or 2/d, and satisfies f
ij
kl = f
kl
ij ,
∑
i>j f
ij
kl = 1 and∑
s>t f
ij
stf
st
kl = f
ij
kl .
Using f ijkl , we obtain the key lemma about the map R = G(2)UZ ◦ G
(2)
UX
◦ G(2)
UZ
.
Lemma 8. Let ` be a natural number. Then, ` repetitions of the CPTP map R, denoted by R`,
is given by
R` = (1− p`)G(2)H + p`C(`), (11)
where p` =
d`+1+d`−2
d2`(d−1) . Here, C(`) is a unital CPTP map given by
C(`)(ρ) = 1
d(d`+1 + d` − 2)
((
(2d` + d− 3)ρ0 + 2(d` − 1)ρ1
)
Λ(0) + (d− 1)(d` − 1)ρ0Λ(1)
+ 2(d` − 1)ρ2Πanti + d`+1(d− 1)
∑
i>j
∑
k>l
f ijkl
∑
a=±
〈φ(a)ij |ρ|φ(a)ij 〉|φ(a)kl 〉〈φ(a)kl |
)
. (12)
where ρ0 = TrρL(0), ρ1 = TrρL(1), and ρ2 = TrρPanti.
As this is the main technical result, we prove it in the next section before we present the proof
of our main result.
C. Proof of Lemma 8
To show Lemma 8, we start with the following lemma, whose proof is given in B.
Lemma 9. Let B be the basis in H⊗2 given by {|ii〉}d−1i=0 ∪ {|φ(+)ij 〉}i>j ∪ {|φ(−)ij 〉}i>j. Then,
R`(|p〉〈q|) = 0 for all |p〉 6= |q〉 ∈ B and all positive integers `, and
R`(|ii〉〈ii|) = (1− d−2`)Πsym + d−2`Λ (13)
R`(|φ(+)ij 〉〈φ(+)ij |) = (1− p`)Πsym + q`Λ + d−`
∑
k>l
f ijkl |φ(+)kl 〉〈φ(+)kl | (14)
R`(|φ(−)ij 〉〈φ(−)ij |) = (1− d−`)Πanti + d−`
∑
k>l
f ijkl |φ(−)kl 〉〈φ(−)kl |, (15)
where p` =
d`+1+d`−2
d2`(d−1) and q` = 2
d`−1
d2`(d−1) .
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Using Lemma 9, we have that for all ρ ∈ B(H⊗2),
R`(ρ) = ((1− d−2`)ρ0 + (1− p`)ρ1)Πsym + (d−2`ρ0 + q`ρ1)Λ + (1− d−`)ρ2Πanti
+ d−`
∑
i>j
∑
k>l
f ijkl
∑
a=±
〈φ(a)ij |ρ|φ(a)ij 〉|φ(a)kl 〉〈φ(a)kl |, (16)
where ρ0 = TrρL(0), ρ1 = TrρL(1), and ρ2 = TrρPanti. On the other hand, due to the Schur-Weyl
duality [46], it follows that
G(2)H (ρ) = (TrPsymρ)Πsym + (TrPantiρ)Πanti (17)
= (ρ0 + ρ1)Π
sym + ρ2Π
anti, (18)
where we used a simple fact that P sym = L(0) + L(1). Thus, after some calculation, we obtain
R`(ρ) = (1− p`)G(2)H (ρ) + p`C(`)(ρ), (19)
where C(`) is a linear map given by
C(`)(ρ) = 1
d`+1 + d` − 2
((
(2d` + d− 3)ρ0 + 2(d` − 1)ρ1
)
Λ(0) + (d− 1)(d` − 1)ρ0Λ(1)
+ 2(d` − 1)ρ2Πanti + d`(d− 1)
∑
i>j
∑
k>l
f ijkl
∑
a=±
〈φ(a)ij |ρ|φ(a)ij 〉|φ(a)kl 〉〈φ(a)kl |
)
. (20)
In the following, we show that C(`) is a unital CPTP map.
The unitality can be easily observed from Eq. (19) because both R` and G(2)H are averages
of unitary conjugations and hence are unital. To show the complete positivity and the trace
preserving property, we use the Choi-Jamio lkowski representation of a linear map [47, 48], which
is an isomorphism J between a set of linear operators E : B(H) → B(H′) and a set of operators
B(H⊗H′)
J(E) = (E ⊗ id|H|)(|Φ〉〈Φ|), (21)
where id|H| is the identity map on H, and |Φ〉 = 1√|H|
∑
i |ii〉 is the maximally entangled state. The
Choi-Jamio lkowski representation has properties that E is CP if and only if J(E) ≥ 0, and that E
is TP if and only if TrH′J(E) = IH/|H| [49].
To obtain the Choi-Jamio lkowski representation of C(`), it is convenient to use the basis B =
{|ii〉}d−1i=0 ∪ {|φ(+)ij 〉}i>j ∪ {|φ(−)ij 〉}i>j . Then, we have
J(C(`)) = 1
d2
∑
i
C(`)(|ii〉〈jj|) ⊗ |ii〉〈jj| + 1
d2
∑
i>j
∑
k>l
∑
a=±
C(`)(|φ(a)ij 〉〈φ(a)kl |) ⊗ |φ(a)ij 〉〈φ(a)kl |. (22)
As an explicit form of C(`) is given in Eq. (20), we obtain
J(C(`)) = 1
d(d`+1 + d` − 2)
(
(d− 1)(d` − 1)(Λ(0) ⊗ Λ(1) + Λ(1) ⊗ Λ(0) + Πanti ⊗Πanti)
+ (2d` + d− 3)Λ(0) ⊗ Λ(0) + d`−1(d− 1)
∑
i>j
∑
k>l
f ijkl
∑
a=±
|φ(a)kl 〉〈φ(a)kl | ⊗ |φ(a)ij 〉〈φ(a)ij |
)
. (23)
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Noting that this is already diagonal in the basis of B and all the coefficients are non-negative, since
f ijkl ∈ {0, 2/d} from Lemma 7, it is obvious that J(C(`)) ≥ 0, implying that C(`) is a CP map. It is
also straightforward to check TrH′J(E) = IH/|H| by using a relation
∑
k>l f
ij
kl = 1 for any i > j,
and hence C(`) is a TP map. 
D. Proof of the main result
We now prove Theorem 4. We first show that ||G(2)U [`] − G
(2)
H || = O(1/d`). The G(2)U [`] is equal to
R`, where R = G(2)
UZ
◦ G(2)
UX
◦ G(2)
UZ
, since for any ρ ∈ B(H)
G(2)U [`](ρ) = EU [`][(U [`])⊗2ρ(U [`])†⊗2] (24)
=
∏`
i=1
E
U
′Z
i
EUXi EUZi [
(
U
′Z
i U
X
i U
Z
i
)⊗2
ρ
(
U
′Z
i U
X
i U
Z
i
)†⊗2
] (25)
=
(G(2)
UZ
◦ G(2)
UX
◦ G(2)
UX
)`
(ρ) (26)
= R`(ρ), (27)
where the second line is obtained using the fact that each random diagonal unitary is independent.
Hence, ||G(2)U [`] − G
(2)
H || = ||R` − G(2)H ||. From Lemma 8, an upper bound is now easily obtained:
||R` − G(2)H || = ||p`
(C(`) − G(2)H )|| (28)
≤ p`
(||C(`)|| + ||G(2)H ||) (29)
≤ 2p` (30)
≤ 2
d`
[
1 +
2
d− 1
]
, (31)
where we have used the triangle inequality in the second line and the fact that C(`) and G(2)H are
CPTP maps in the third line.
To obtain the converse, i.e. ||R` − G(2)H || = Ω(1/d`), we use a fact that ||R`(ρ) − G(2)H (ρ)||1 ≤
||R` − G(2)H || for any ρ ∈ S(H), which follows from the definition of the diamond norm. By
substituting |φ(+)i0j0〉〈φ
(+)
i0j0
| (i0 > j0) and using Lemma 8, we obtain
||R`(|φ(+)i0j0〉〈φ
(+)
i0j0
|)− G(2)H (|φ(+)i0j0〉〈φ
(+)
i0j0
|)||1 = p`||C(`)(|φ(+)i0j0〉〈φ
(+)
i0j0
|)− G(2)H (|φ(+)i0j0〉〈φ
(+)
i0j0
|)||1. (32)
Now, the operator R`(Φi0j0)− G(2)H (Φi0j0) can be directly calculated to be
R`(Φi0j0)− G(2)H (Φi0j0) = −2
d− 1
(d+ 1)(d`+1 + d` − 2)Λ
(0)
+
∑
k>l
( d`(d− 1)
d`+1 + d` − 2f
i0j0
kl −
2
d(d+ 1)
)|φ(+)kl 〉〈φ(+)kl |, (33)
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which is already diagonal in the basis of B = {|ii〉}d−1i=0 ∪ {|φ(+)ij 〉}i>j ∪ {|φ(−)ij 〉}i>j . Since f i0j0kl
satisfies f i0j0kl ∈ {0, 2/d} for any k > l and
∑
k>l f
i0j0
kl = 1 from Lemma 7, the number of (k, l)
(k > l) for which f i0j0kl is nonzero is d/2. Using this fact, we obtain
||R`(Φi0j0)− G(2)H (Φi0j0)||1 =
2
d`
− 2d
`+1 + d` − 2
d2`(d2 − 1) ≥
2
d`
[
1− 1
d− 1
]
, (34)
providing a lower bound of ||R` − G(2)H ||.
From these bounds and recalling that R` = G(2)U [`], we obtain tight upper and lower bounds of
||G(2)U [`] − G
(2)
H || as
2
d`
[
1− 1
d− 1
]
≤ ||G(2)U [`] − G
(2)
H || ≤
2
d`
[
1 +
2
d− 1
]
. (35)
This implies that U [`] is a Θ(d−`)-approximate unitary 2-design and concludes the proof. 
V. CONCLUSION
We have proven that an approximate unitary 2-design can be achieved by alternately and re-
peatedly applying independent random Z- and X-diagonal unitaries. More specifically, we showed
that it converges to an -approximate unitary 2-design exponentially quickly in terms of the num-
ber ` of repetitions, namely  = Θ(1/d`). As it provides the converse, our result can be used to
investigate the optimality of using unitary 2-designs in quantum protocols (see e.g. [40]). Based
on this result, we constructed an efficient quantum circuit composed of Θ
(
N(N + log 1/)
)
gates
that implement an -approximate unitary 2-design. The merit of the construction is that most
of the gates are diagonal in the Pauli- Z basis and the non-commuting part is of constant depth,
which may result in the quick and robust implementations of the design. Finally, by interpreting
the quantum circuits in terms of Hamiltonian dynamics, we have shown that a time-dependent
Hamiltonian consisting of disordered Hamiltonians generates unitary 2-designs after switching the
interactions a few times.
A natural question is whether or not more repetitions eventually achieve unitary t-designs for
arbitrary t. This problem has been subsequently addressed by some of the present authors in
Ref. [? ]. It is also interesting to consider an approximate implementation of random Z-diagonal
unitaries by quantum circuits where each gate acts only on neighboring qubits. If there exists such
a quantum circuit, it immediately provides a random Hamiltonian with neighboring interactions
that realises unitary 2-designs, which have strong contributions to the microscopic understandings
of fundamental physics resulted from random dynamics in complex systems.
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Appendix A: Proof of Lemma 7
A proof for a technical lemma 7 is provided. The statement is about the properties of f ijkl given
by
f ijkl =
2
d3
(d−1∑
α=0
αiαjαkαl
)2
, (A1)
and we show that f ijkl is in {0, 2/d}, f ijkl = fklij ,
∑
i>j f
ij
kl = 1, and
∑
s>t f
ij
stf
st
kl = f
ij
kl .
Proof (Lemma 7). The statement f ijkl = f
kl
ij follows from the definition of f
ij
kl . We first show
that f ijkl is either 0 or 2/d. As f
ij
kl is defined by f
ij
kl =
2
d3
(∑d−1
α=0 αiαjαkαl
)2
, we investigate∑d−1
α=0 αiαjαkαl. This is invariant even if Pauli X is applied on the m-th qubit for any m ∈
[1, · · · , N ], which we denote by Xm, since
d−1∑
α=0
αiαjαkαl = d
2
d−1∑
α=0
〈α|i〉〈α|j〉〈α|k〉〈α|l〉 (A2)
= d2
d−1∑
α=0
〈α|Xm |i〉 〈α|Xm |j〉 〈α|Xm |k〉 〈α|Xm |l〉 . (A3)
This is due to 〈α|Xm = ±〈α|. Hence, we assume |i〉 = |0〉⊗N without loss of generality, resulting
in αi = 1 for all α. The
∑d−1
α=0 αjαkαl has yet another invariance, that is,
d−1∑
α=0
αjαkαl = d
√
d
d−1∑
α=0
〈α|j〉〈α|k〉〈α|l〉 (A4)
= d
√
d
d−1∑
α=0
〈α|Zm |j〉 〈α|Zm |k〉 〈α|Zm |l〉 , (A5)
due to the summation over all α, where Zm is the Pauli-Z operator acting on the m-th qubit. We
then assume αj = 1 for j = 0, · · · , d/2 − 1 and αj = −1 for j = d/2, · · · , d − 1 without loss of
generality. This leads to
d−1∑
α=0
αiαjαkαl =
(d/2−1∑
α=0
−
d−1∑
α=d/2
)
αkαl. (A6)
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Denoting |α〉 by ∣∣α1α2 · · ·αN〉 (αm = ±), where |±〉 are the eigenbasis of the Pauli-X with eigen-
values ±1, respectively, and similarly denoting |k〉 and |l〉 in binary such as ∣∣k1 · · · kN〉 (km = 0, 1),
(
∑d/2−1
α=0 −
∑d−1
α=d/2)αkαl is rewritten as
d×
∑
α2,··· ,αN=±
(
〈+|k1〉〈+|l1〉〈α2 · · ·αN |k1 · · · kN 〉〈α2 · · ·αN |l1 · · · lN 〉
− 〈−|k1〉〈−|l1〉〈α2 · · ·αN |k1 · · · kN 〉〈α2 · · ·αN |l1 · · · lN 〉
)
. (A7)
When k1 = l1, this is zero. When k1 6= l1, this is equal to d∏Nm=2 δkm,lm , which is either 0 or d.
Thus, fklij ∈ {0, 2/d}.
We next show
∑
k>l f
ij
kl = 1 for any i > j.
∑
k>l
f ijkl =
2
d3
∑
k>l
(∑
α
αiαjαkαl
)2
(A8)
=
1
d3
∑
α,β
αiαjβiβj
(∑
k,l
αkαlβkβl −
∑
k
α2kβ
2
k
)
. (A9)
As
∑
k α
2
kβ
2
k = d due to αk, βk ∈ {±1}, the later term is given by
1
d3
∑
α,β
αiαjβiβj
∑
k
α2kβ
2
k =
1
d2
∑
α,β
αiαjβiβj (A10)
=
(∑
α
〈i|α〉〈α|j〉
)2
(A11)
= 0, (A12)
where we used that i 6= j for the last line. Hence,
∑
k>l
f ijkl =
1
d3
∑
α,β
αiαjβiβj
(∑
k
αkβk
)2
. (A13)
As
∑
k αkβk is given by
1
d2
∑
k〈α|k〉〈k|β〉 = 1d2 δαβ, we obtain∑
k>l
f ijkl =
1
d
∑
α,β
αiαjβiβjδα,β = 1. (A14)
We finally show
∑
s>t f
ij
stf
st
kl = f
ij
kl . To this end, we define a set Ξij for i > j by Ξij :={
(s, t)|s, t ∈ {1, · · · , N}, s > t, f ijst = 2d
}
. Since f ijkl ∈ {0, 2/d} and
∑
k>l f
ij
kl = 1 for any i > j, the
number of elements in Ξij ,denoted by |Ξij |, is d/2. Due to the definition of f ijst , Ξij is also given in
terms of αi’s by Ξij =
{
(s, t)|s, t ∈ {1, · · · , N}, s > t, ∀α ∈ [0, · · · , d− 1], αsαt = αiαj
}
. From this,
it is observed that ∀i > j and ∀k > l, Ξij is either equal to Ξkl or has no intersection with Ξkl, i.e.
Ξij ∩ Ξkl = ∅.
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In terms of Ξij , f
kl
ij =
2
dδkl∈Ξij , where δkl∈Ξij = 1 if (k, l) ∈ Ξij and 0 otherwise. Note that, as
fklij = f
ij
kl , δkl∈Ξij = δij∈Ξkl . Using this notation, we have
∑
s>t
f ijstf
st
kl =
(
2
d
)2∑
s>t
δst∈Ξklδst∈Ξij (A15)
=
(
2
d
)2∑
s>t
δst∈Ξkl∩Ξij . (A16)
When Ξkl = Ξij , this is equal to
2
d as |Ξkl| = d/2. In this case, fklij = 2dδkl∈Ξij = 2d since
(k, l) ∈ Ξkl = Ξij , implying
∑
s>t f
ij
stf
st
kl = f
kl
ij . When Ξkl ∩Ξij = ∅, Eq. (A16) is equal to zero, and
fklij is also zero by definition. Hence,
∑
s>t f
ij
stf
st
kl = f
kl
ij holds even in this case. Since Ξij is either
Ξkl or satisfies Ξij ∩ Ξkl = ∅, this concludes the proof. 
Appendix B: Proof of Lemma 9
We now prove the key technical lemma about the map R = G(2)
UZ
◦ G(2)
UX
◦ G(2)
UZ
. The statement
is as follows: let B be the basis in H⊗2 given by {|ii〉}d−1i=0 ∪ {|φ(+)ij 〉}i>j ∪ {|φ(−)ij 〉}i>j , where
|φ(±)ij 〉 := 1√2(|ij〉 ± |ji〉). Then, R`(|p〉〈q|) = 0 for all |p〉 6= |q〉 ∈ B and all integers `, and
R`(|ii〉〈ii|) = (1− d−2`)Πsym + d−2`Λ (B1)
R`(|φ(+)ij 〉〈φ(+)ij |) = (1− p`)Πsym + q`Λ + d−`
∑
k>l
f ijkl |φ(+)kl 〉〈φ(+)kl | (B2)
R`(|φ(−)ij 〉〈φ(−)ij |) = (1− d−`)Πanti + d−`
∑
k>l
f ijkl |φ(−)kl 〉〈φ(−)kl |, (B3)
where p` =
d`+1+d`−2
d2`(d−1) and q` = 2
d`−1
d2`(d−1) .
Proof (Lemma 9). We first investigate R(|ii〉〈kk|), R(|φ(+)ij 〉〈φ(+)kl |), and R(|φ(−)ij 〉〈φ(−)kl |) (i > j
and k > l). As each input state is in the Pauli-Z basis, we obtain
R(|ii〉〈kk|) = δikG(2)UZ ◦ G
(2)
UX
(|ii〉〈ii|) (B4)
R(|φ(+)ij 〉〈φ(+)kl |) = δikδjlG(2)UZ ◦ G
(2)
UX
(|φ(+)ij 〉〈φ(+)ij |) (B5)
R(|φ(−)ij 〉〈φ(−)kl |) = δikδjlG(2)UZ ◦ G
(2)
UX
(|φ(−)ij 〉〈φ(−)ij |). (B6)
Using the relation G(2)
UX
(|ii〉〈ii|) = 1
d2
(
I + F − LX
)
, where LX =
∑
α |αα〉〈αα|, and I and F are
invariant under G(2)
UZ
, the R(|ii〉〈kk|) is calculated to be
R(|ii〉〈kk|) = 1
d2
δik
[(
1− 1
d
)(
I+ F
)
+
1
d
L
]
. (B7)
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Note that this implies that R(|ii〉〈ii|) is independent of i. For R(|φ(+)ij 〉〈φ(+)kl |) and R(|φ(−)ij 〉〈φ(−)kl |),
simple calculations lead to
G(2)
UX
(|ij〉〈ij|) = 1
d2
(
I+
∑
α,β
αiαjβiβj |αβ〉〈βα| − LX
)
(B8)
G(2)
UX
(|ij〉〈ji|) = 1
d2
(∑
α,β
αiαjβiβj |αβ〉〈αβ|+ F− LX
)
, (B9)
and similar relations for G(2)
UZ
(|αβ〉〈αβ|) and G(2)
UZ
(|αβ〉〈βα|). Hence, we obtain
R(|φ(+)ij 〉〈φ(+)kl |) =
1
d2
δikδjl
[(
1− 2
d
)(
I+ F
)
+
2
d
L+ d
∑
s>t
f ijst |φ(+)st 〉〈φ(+)st |
]
(B10)
R(|φ(−)ij 〉〈φ(−)kl |) =
1
d2
δikδjl
[
I− F+ d
∑
s>t
f ijst |φ(−)st 〉〈φ(−)st |
]
, (B11)
where we use, e.g. αi = iα for the derivation.
We next show that other terms, such as R(|φ(+)ij 〉〈kk|), R(|φ(−)ij 〉〈kk|), R(|φ(+)ij 〉〈φ(−)kl |) and their
conjugates, are zero. Amongst these terms, all except R(|φ(+)ij 〉〈φ(−)ij |) and its conjugate vanish
after the first application of G(2)
UZ
. For R(|φ(+)ij 〉〈φ(−)ij |), R(|φ(+)ij 〉〈φ(−)ij |) = G(2)UZ ◦ G
(2)
UX
(|φ(+)ij 〉〈φ(−)ij |),
since |φ(+)ij 〉〈φ(−)ij | is not changed by G(2)UZ . The G
(2)
UX
(|φ(+)ij 〉〈φ(−)ij |) term is expanded to be
G(2)
UX
(|φ(+)ij 〉〈φ(−)ij |) =
1
2
(
G(2)
UX
(|ij〉〈ij|)− G(2)
UX
(|ij〉〈ji|) + G(2)
UX
(|ji〉〈ij|)− G(2)
UX
(|ji〉〈ji|).
)
(B12)
This is calculated using Eqs. (B8) and (B9). As the right hand sides of both Eqs. (B8) and (B9) are
invariant under the exchange of i and j, G(2)
UX
(|φ(+)ij 〉〈φ(−)ij |) is zero, which implies R(|φ(+)ij 〉〈φ(−)ij |) =
R(|φ(−)ij 〉〈φ(+)ij |) = 0.
In the following, we investigate R`(|ii〉〈ii|), R`(|φ(+)ij 〉〈φ(+)ij |), and R`(|φ(−)ij 〉〈φ(−)ij |). Since we
have
R(L) = 1
d
[(
1− 1
d
)(
I+ F
)
+
1
d
L
]
, (B13)
from Eq. (B7), R(I) = I, and R(F) = F, it is observed from Eq. (B7) that R`(|ii〉〈ii|) is a linear
combination of I+ F and L. Using this fact, it is straightforward to obtain
R`(|ii〉〈ii|) = 1− d
−2`
d(d+ 1)
(I+ F) + d−2`−1L, (B14)
which is rewritten, in terms of Πsym = 1d(d+1)(I+ F) and Λ =
1
dL, as
R`(|ii〉〈ii|) = (1− d−2`)Πsym + d−2`Λ. (B15)
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Similarly, R`(|φ(+)ij 〉〈φ(+)ij |) (R`(|φ(−)ij 〉〈φ(−)ij |)) is given by a linear combination of I + F, L, and∑
s>t f
ij
st |φ(+)st 〉〈φ(+)st | (I− F and
∑
s>t f
ij
st |φ(−)st 〉〈φ(−)st |). This can be seen to hold, since
R(∑
s>t
f ijst |φ(+)st 〉〈φ(+)st |
)
=
1
d2
[(
1− 2
d
)(
I+ F
)
+
2
d
L
]
+
1
d
∑
s>t
∑
k>l
f ijstf
st
kl |φ(+)kl 〉〈φ(+)kl | (B16)
=
1
d2
[(
1− 2
d
)(
I+ F
)
+
2
d
L
]
+
1
d
∑
k>l
f ijkl |φ(+)kl 〉〈φ(+)kl |, (B17)
where we have used
∑
s>t f
kl
st = 1 and
∑
s>t f
ij
stf
st
kl = f
ij
kl due to Lemma 7, and similarly
R(∑
s>t
f ijst |φ(−)st 〉〈φ(−)st |
)
=
1
d2
(
I− F)+ 1
d
∑
k>l
f ijkl |φ(−)kl 〉〈φ(−)kl |. (B18)
Hence, to obtain R`(|φ(+)ij 〉〈φ(+)ij |) and R`(|φ(−)ij 〉〈φ(−)ij |), we set
R`(|φ(+)ij 〉〈φ(+)ij |) = a(+)` (I+ F) + b(+)` L+ c(+)`
∑
k>l
f ijkl |φ(+)kl 〉〈φ(+)kl | (B19)
R`(|φ(−)ij 〉〈φ(−)ij |) = a(−)` (I− F) + c(−)`
∑
k>l
f ijkl |φ(−)kl 〉〈φ(−)kl |, (B20)
and derive the coefficients using their recurrence relations. From Eqs. (B10) and (B11), the coeffi-
cients for n = 1 are given by
a
(+)
1 =
1
d2
(
1− 2
d
)
, b
(+)
1 =
2
d3
, c
(+)
1 =
1
d
, (B21)
a
(−)
1 =
1
d2
, c
(−)
1 =
1
d
. (B22)
From Eqs. (B10), (B11), (B17), and (B18), recurrence relations for a
(±)
` , q
(+)
` , and c
(±)
` are given
by
a
(+)
`+1 = a
(+)
` +
1
d
(
1− 1
d
)
q
(+)
` +
1
d2
(
1− 2
d
)
c
(+)
` , b
(+)
`+1 =
q
(+)
`
d2
+
2c
(+)
`
d3
, c
(+)
`+1 =
c
(+)
`
d
, (B23)
and
a
(−)
`+1 = a
(+)
` +
c
(−)
`
d2
, c
(−)
`+1 =
c
(−)
`
d
. (B24)
Solving these relations, we obtain
a
(+)
` =
1
d(d+ 1)
− d
`+1 + d` − 2
d2`+1(d2 − 1) , q
(+)
` =
2(d` − 1)
d2`+1(d− 1) , c
(+)
` = d
−`, (B25)
and
a
(−)
` =
1− d−`
d(d− 1) , c
(−)
` = d
−`. (B26)
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Thus, we have
R`(|φ(+)ij 〉〈φ(+)ij |) =
(
1− d
`+1 + d` − 2
d2`(d− 1)
)
Πsym + 2
d` − 1
d2`(d− 1)Λ +
1
d`
∑
k>l
f ijkl |φ(+)kl 〉〈φ(+)kl | (B27)
R`(|φ(−)ij 〉〈φ(−)ij |) =
(
1− 1
d`
)
Πanti +
1
d`
∑
k>l
f ijkl |φ(−)kl 〉〈φ(−)kl |. (B28)
This concludes the proof. 
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